Polaron states in a quasi 1D cylindrical quantum wire with a parabolic confinement potential are investigated applying the Feynman variational principle. The effect of the wire radius on the polaron ground state energy level, the mass and the Fröhlich electron-phonon-coupling constant are obtained for the case of a quasi 1D cylindrical quantum wire. The effect of anisotropy of the structure on the polaron ground state energy level and the mass are also investigated.
It is observed that as the wire radius tends to zero, the polaron mass and energy diverge logarithmically. The polaron mass and energy differ from the canonical strong-coupling behavior by the Fröhlich electron-phonon coupling constant and the radius of the quasi 1D cylindrical quantum wire that are expressed through a logarithmic function. Moreover, it is observed that the polaron energy and mass for strong coupling for the case of the quasi 1D cylindrical quantum wire are greater than those for bulk crystals. It is also observed that the anisotropy of the structure considerably affects both the polaron ground state energy level and the mass. It is found that as the radius of the cylindrical wire reduces, the regimes of the weak and intermediate coupling polaron shorten while the region of the strong coupling polaron broadens and extends into those of the weak and intermediate ones.
Introduction
Recent developments in quasi 2D, 1D and 0D cylindrical quantum wire fabrication and in the fabrication of new electronic devices have stimulated the theoreticians' interest in formulating the models describing physical phenomena associated with cylindrical quantum wires [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . Since the majority of nano-structures are ionic crystals and polar materials, polaronic effects may strongly effect their physical properties. The present paper investigates the effect of the wire radius on the polaron ground state energy level, the effective mass and the Fröhlich electronphonon-coupling constant for the case of a quasi 1D cylindrical quantum wire. In the cylindrical quantum wire configuration, the ultimate confinement effects quantize the carrier motion in the directions transverse to its length. Polaron energy is evaluated in [15] [16] [17] using perturbation theory, in [18] using the weak coupling approximation, in [19] using the dielectric continuum model and in [20] using the Feynman variational principle.
Landau was the first to predict the polaron concept [21] . It is studied in detail in [21] [22] [23] [24] [25] [26] [27] .
A polaron is a quasi particle that arises as a result of a conduction electron (or hole) together with its self-induced polarization in an ionic crystal or in a polar semiconductor [28] . To classify polarons, the Fröhlich electron-phonon coupling constant value α is a weak-coupling if α < 1, a strong-coupling if α 7 and an intermediate-coupling between these ranges. The majority of crystals are weak or intermediate-coupling polarons. Strong coupling is not attained even in strong ionic crystals such as alkaline halides. The polaron character is well pronounced only for strong coupling [29] . In nano-structures made of ionic crystals and polar materials the strong coupling can be realized at smaller α when the parabolic electronic confinement is introduced [30] [31] [32] [33] [34] .
For cylindrical quantum wires it is possible to reduce the lower bound of the electron-phonon coupling constant's threshold value to within weak-or intermediatecoupling range. Quasi 1D cylindrical quantum wires are of interest as structures with maximal polaron effect. Here there exists at least one transport direction. It is obvious that these structures are quit promising in observing the strong coupling. When investigating the polaron problem in cylindrical quantum wires, it is necessary to consider both the electron and the phonon confinement. The electron confinement is described in [1, [30] [31] [32] [33] [34] by means of a parabolic potential.
The investigation of the polaron states in a quasi-1D cylindrical quantum wire using Feynman variational principle results in the upper bound polaron ground state energy for arbitrary values of the Fröhlich electron-phonon coupling constant. Electron confinement is selected in the form of transverse parabolic potential since there are no rigid interface boundaries. Then we examine electron interaction only with 3D longitudinal polar optical phonons (3D-phonon approximation). For rigid interface boundaries, interface-like phonon modes are localized at the neighbourhood of a sharp boundary. There is also quantisation of bulk phonons. For the parabolic potential, interface-like phonon modes are rather smoothly distributed in space. For this we do the 3D-phonon approximation. Consequently, interface phonons may not be considered. This approach seems to be adequate since integral polaron effects result from the summation over all phonon spectra. In [34] [35] [36] [37] interface-type longitudinal polar optical phonons have no contribution to polaron effects. The contribution of the interface-type phonons to the polaron energy is very much smaller than the contribution of the bulk-type phonon [19] . Bulk-type phonons play the dominant role in the polaron energy shift [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] .
This work paves the way for investigating strong-coupling polarons in strong polar crystals. Thus we examine the polaron problem in the quasi 1D cylindrical quantum wire within the framework of the strong coupling theory. The model with parabolic confinement is preferable as it examines polaron states covering all values of Fröhlich electron-phonon coupling constant. The parabolic confinement potential is also introduced for technological reasons. At small values of the radius of the quantum wire the parabolic confinement potential can be regarded as a model for the real potential [48] .
Feynman variational principle
The Feynman variational principle is one of the most effective methods when investigating the polaron problem for arbitrary values of the electron-phonon coupling constant, α , and considers the exact and the model system. The action functional of the exact system is defined as:
and that of the model system is defined as:
where r is the radius vector, t is the time, L and L 0 are the Langrangians of the exact and model systems respectively.
The exact and the model action functionals are obtained as a result of the elimination of the phonon coordinates and the coordinates of the "fictitious" particles respectively. The statistical sum of the exact system is defined by
and that of the model system is defined by
Here D r denotes path integration and Sp the spur.
In our evaluations, the statistical sum for the exact system is defined asZ :
The angle brackets in (2.3) denote the averaging over electron paths and are defined as follows:
The basis of Feynman variational method is the Jensen-Feynman inequality [28] :
The Feynman's statistical sum Z F is evaluated using (2.3) and (2.4):
We consider the total momentum p of the polaron to be the only continuous quantum number. The dependence of the energy on the momentum (for the case of an isotropic crystal) has the form:
Here the quantities E 0 , E 2 , E 4 , · · · , are coefficients of expansion of (2.6) and v is the totality of discrete quantum numbers of the system.
We evaluate the statistical sum for the system using (2.1) and limit ourselves only to the first two terms of the expansion as higher order terms for low temperatures are exponentially small (in the statistical sum expression) compared to the first two terms. If the polaron effective mass is defined by M = 1/2E 2 then it follows that
Here T is the absolute temperature. Comparing (2.5) and (2.7) we can obtain the expressions for the Feynman variational polaron energy E and effective mass M . The polaron ground state energy is obtained as the coefficient of λ in (2.7) and the polaron effective mass from the term independent of λ . We consider the case of low temperatures T → 0 ( λ → ∞) .
Feynman polaron in a quasi 1D cylindrical quantum wire
Consider the motion of an electron in a quasi 1D cylindrical quantum wire that has a transverse parabolic confinement potential. The electron motion in the direction of the axis of the cylindrical quantum wire (OZ-axis) is free. The Hamiltonian of the polaron problem has the form:
whereĤ e is the electron Hamiltonian in cylindrical coordinates:
Here ρ 2 = x 2 +y 2 ;P ⊥ , m ⊥ andP || , m || components of the operator of the momentum and electron band mass in the transversal and longitudinal directions respectively; Ω is the frequency characterizing the parabolic confinement potential; and
are respectively the phonon contribution and electron-phonon interaction Hamiltonians. Here γ q is the amplitude of the electron-phonon interaction and ω q is the phonon frequency numbered by the wave vector q :
ω 0 is the dispersionless phonon frequency and R p is the polaron radius.b + q andb q are the creation and annihilation operators respectively.
Considering the Hamiltonian (3.1), the model Lagrangian L 0 for the system (considering the ground state) is selected in the one -oscillatory approximation:
3) where R and Z are coordinates of the model particle; ρ and z are coordinates of the electron, and m ⊥ and m || are the components of the electron masses in the oxyplane and in the oz-direction respectively. The quantities M ⊥ , M || , κ ⊥ and κ || serve as variational parameters, while ω f is the elastic coupling frequency.
From the Lagrangian in (3.3), the transverse and longitudinal equations of motion for the model system are independent. The model Lagrangian in (3.3) simulates the interacting electron-phonon system. Considering the form of the model Lagrangian, the equations of motion along the transversal and longitudinal directions are mutually independent. From the equation of motion considering the transversal direction, the following eigen frequencies are obtained:
In order to diagonalize the Lagrangian (3.3) we do the linear transformation of the variables R and ρ using the modes in (3.4):
Here
It may be seen from this transformation that on the axis of the wire there is one free and one oscillatory polaron motion. Considering the transformation of variables and (2.1), (2.2), (2.4) and (3.3) to (3.5) we obtain the expression:
and
We evaluate ρ 2 τ , ρ τ ρ σ and z 2 τ , z τ z σ respectively using the productive functions
From considering (2.5) and (2.7), for low temperatures T → 0 ( λ → ∞) and from the fact that ς = η = ±1 we obtain the polaron energy and mass. In further evaluations of the polaron energy and mass, the Feynman's units [25] are used: ω 0 for energy and R p for length. The Feynman polaron dimensionless variational energy is found to be:
and the dimensionless variational polaron mass may be conveniently evaluated through the expression
In (3.6), ε is the parameter characterizing the anisotropy of the structure bulk. The polaron energy is found by minimizing the polaron variational energy in (3.6) and the mass by substituting in the expression of the mass in (3.7) the threshold values of ν , u ,ω ⊥1 and ω ⊥2 for which the energy is minimum. The numerical results are shown in the figures 1-4 below. In the figures 1 and 3 the absolute value of the polaron energy is considered for convenience to aid easy analysis.
From expressions (3.6) and (3.7) the analytic dimensionless expressions for the polaron energy and effective mass for the strong-coupling polarons are obtained respectively as: and
.
is the radius of the quasi 1D cylindrical quantum wire. Rigorous weak-coupling expansion for the polaron ground state energy and effective mass yield [25] :
The expansion for the strong-coupling polaron yields [26] :
Polaron excitation in [49, 50] for the strong-coupling polaron in a 3D structure yields the energy: then from the above results, the polaron ground state energy and mass in a quasi 1D cylindrical quantum wire are greater than those in 3D structures. It is also seen that the decrease in the radius of the structure leads to the increase in polaron ground state energy and in the effective mass. It follows that the confinement leads to an enhancement of the electron-phonon interaction.
Conclusions
Figures 1 and 2 are respectively the plots of the polaron energy and mass versus Fröhlich electron-phonon coupling constant for different structure radii. It is observed that as the wire radius tends to zero, the polaron mass and energy diverge logarithmically and the region of strong-coupling polaron is shifted to those of weakand intermediate-coupling in which the energy, E = const × α. This shows that as R → 0 the weak and intermediate regions vanish. The behaviors in figures 1 and 2 differ from those in [51] [52] [53] [54] only in their logarithmic dependence. Our results confirm those in [33, 48, 54] in that the polaron energy and mass increase with a decrease of a radius of the cylindrical quantum wire. It follows that the confinement leads to the enhancement of the electron-phonon interaction. This is also confirmed by [23, 25, 27, 41] . The difference in these results and those in [53] is that the polaron energy and mass pass through a maximum (in their plot against the coupling constant) and then decreases to bulk polaron values. For our case due to the strong confinement, the regions of weak and intermediate polarons disappear. The results in [17] show that the polaron energy and mass decrease through a minimum in their plot against the radius and then increase to a constant value. In our opinion this minimum should not be expected. This may imply that the bulk optical polaron is bound to a Coulomb center. Therefore the pertubative method may not be appropriate for the treatment of strong coupling polarons.
Our results show that the polaron mass and energy differ from the canonical strong-coupling behavior by the Fröhlich electron-phonon coupling constant and the radius of the quasi 1D cylindrical quantum wire that are expressed through a logarithmic function. It is observed that the polaron energy and mass for strong coupling for the case of the quasi 1D cylindrical quantum wire are greater than those for bulk structures. This is in agreement with [34] . From the analytic expressions of the energy and mass, since ln 2 ε √ π 2eαβRf (Q) 1 it follows that the polaron ground state energy and mass in a quasi 1D cylindrical quantum wire are greater than those in 3D structures. If we compare our results with those derived from the strong coupling theory we see that ours yield significantly improved energy upper bounds. It is also observed that the decrease of the radius of the structure favors strongcoupling polaron for smaller Fröhlich electron-phonon coupling constant. Thus to enhance a strong-coupling polaron it is sufficient to reduce the radius of the structure. From our results it is seen that the parameters α and R control the polaron state in an interrelated manner. They vary in an interrelated manner in favor of a strong coupling polaron. It is observed that the Fröhlich electron-phonon-coupling constant for strong-coupling in the case of the quantum wire is found in the weak and intermediate-coupling range. Figures 3 and 4 , show the effect of the anisotropy on the polaron energy and mass respectively. It is also observed that the anisotropy of the structure considerably affects the polaron ground state energy level and the mass.
